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Strongly correlated systems: fascinating physics -
and a simple (?) modellization

-t : hopping U:  local Coulomb
interaction

Hubbard model

J. Hubbard, Proc. Royal Soc. A, 276, 238– 257 (1963)
M. Qin, TS, et al., „The Hubbard model – a computaOonal perspecOve“, Annual Review of Condensed MaSer Physics 13 (2022)



Several ways to attack the Hubbard model

Numerically exact techniques (à benchmarks)
• Lattice quantum Monte Carlo (DQMC)
• Diagrammatic Monte Carlo (DiagMC)

(Dynamical) mean field theory
• Mean field theory (MFT)
• Dynamical mean field theory (DMFT)

Extensions of DMFT
Cluster extensions (short-ranged correlations)
• Dynamical cluster approximation (DCA)
• cellular DMFT (CDMFT)
Diagrammatic extensions (all length scales)
• Dynamical vertex approximation (DΓA)
• Dual fermion (DF)
• Dual boson (DB)
• Triply irreducible local expansion (TRILEX)

Other common many-body techniques
• Two-parHcle self-consistent approach

(TPSC)
• FuncHonal renormalizaHon group

(fRG)
• Parquet approximaHon (PA)
• [tensor networks: DMRG, METTS,

etc.]

Let us put these methods
to the test…



Putting all these methods to the test

Test parameters
• 2d unfrustrated square lattice
• Half-filled
• U=2t

Observables (as function of T)
• Coherence temperature TQP
• ”Pseudogap” temperature T*
• Double occupancy D
• Magnetic susceptibility 𝛘
• Magnetic correlation length ξ

T. Schäfer et al., Phys. Rev. X 11, 011058 (2021)



A tale of energy scales

T. Schäfer et al., Phys. Rev. B 91, 125109 (2015)
F. Šimkovic et al., Phys. Rev. Lett. 124, 017003 (2020), A. J. Kim, et al., Phys. Rev. Lett. 124, 117602 (2020)

T. Schäfer et al., Phys. Rev. X 11, 011058 (2021)

AF order only at T=0 (Mermin-Wagner theorem)



A tale of energy scales

① incoherent regime

T. Schäfer et al., Phys. Rev. X 11, 011058 (2021)



A tale of energy scales

① incoherent regime
② quasiparticle coherence N

T. Schäfer et al., Phys. Rev. X 11, 011058 (2021)



A tale of energy scales

① incoherent regime
② quasiparticle coherence at N
③ QP coherence at both N/AN, metallic

T. Schäfer et al., Phys. Rev. X 11, 011058 (2021)



A tale of energy scales

① incoherent regime
② quasiparticle coherence at N
③ QP coherence at both N/AN, metallic
④ AN gaps out (weak-coupling “pseudogap”)

T. Schäfer et al., Phys. Rev. X 11, 011058 (2021)



A tale of energy scales

① incoherent regime
② quasiparticle coherence at N
③ QP coherence at both N/AN, metallic
④ AN gaps out (weak-coupling “pseudogap”)
⑤ N gaps out, insulating regime

T. Schäfer et al., Phys. Rev. X 11, 011058 (2021)



A tale of energy scales

Exact methods capture physics (and agree)
à what about approxima8ons?

T. Schäfer et al., Phys. Rev. X 11, 011058 (2021)



A tale of energy scales: the dynamical MF starting point

• DMFT: does not satisfy Mermin-Wagner
(à finite TN)

• Captures the crossover from metallic to
insulating via a phase transition
(finite magnetization)

• Breakdown signalled, when correlation
length becomes large (à fluctuations)à DMFT is a good starting point

What about fluctuations?

T. Schäfer et al., Phys. Rev. X 11, 011058 (2021)



Measuring fluctuations: two-particle quantities

Sta$c an$ferromagne$c suscep$bility



Measuring fluctuations: two-particle quantities

TN

𝛘(T=0.1)

Sta$c an$ferromagne$c suscep$bility

DiagMC

0

13.2

DQMC

✓ 0

13.2

✓



Measuring fluctuations: two-particle quantities

TN

𝛘(T=0.1)

Static antiferromagnetic susceptibility

DiagMC

0

13.2

DQMC

✓ 0

13.2

DMFT

0.08x

19.2

✓



Measuring fluctuations: two-particle quantities

TN

𝛘(T=0.1)

Static antiferromagnetic susceptibility

DiagMC

0

13.2

DQMC

✓ 0

13.2

DMFT

0.08x

19.2

TPSC

✓ 0 

1816.5

✓



Measuring fluctuations: two-particle quantities

TN
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1816.5

DΓA
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How extended are these
spin fluctua7ons?



Measuring fluctuations: two-particle quantities

Magne$c correla$on length via Ornstein-Zernike fits

Magnetic correlation length exponentially growing!

Condition for pseudogap at weak coupling (Vilk criterion):

à Footprints of spin fluctuations in all observables
(on the one- and two-particle level)

𝑣!
𝜋𝑇 ≪ 𝜉

T. Schäfer et al., Phys. Rev. X 11, 011058 (2021)

Puzzle: extended spin fluctuaHons coexist with
metallic state? à connect one- and two-parHcle level!

Metallic, but ξ>5a!



The (fairly “strange”) metallic regime I:
Handshake with analytical spin fluctuation theory

Three choices for suscepgbility
• Full DΓA spin suscepgbility
• DΓA spin suscepgbility restricted to

around AF peak
• Ornstein-Zernike fit

𝑞" −𝑄" < 2𝜉#$

G(k+ q, iωn + iΩn)

Wsp(q, iΩn)

3
8
𝑈!coupling of fermion to spin modes

Non-interacting 𝐺%

Non-metallic
self-energy in
regime ③?!

Handshake with numerics: use susceptibility obtained from DΓA 

ξ≅1a ξ≅5a ξ≅200a

How can extended spin fluctuations
coexist with metallic behavior?



Many q-vectors contribute à metallic q=(π, π) is dominant à insulagng

à Resolves dichotomy of sizeable
correlation length and metallic state

T. Schäfer et al., Phys. Rev. X 11, 011058 (2021)

The (fairly “strange”) metallic regime I:
Handshake with analy$cal spin fluctua$on theory



A. Virosztek and J. Ruvalds, Phys. Rev. B 42, 4064 (1990)
A. V. Chubukov and D. L. Maslov, Phys. Rev. B 86, 155136 (2012)

T. Schäfer et al., Phys. Rev. X 11, 011058 (2021)

The (fairly “strange”) metallic regime II:
Perfect nesting and non-Fermi-liquid behavior

How does perfect nesting influence the nature of the metal?

−Im Σ 𝒌𝑭, 𝜔 ∝ 𝜔' + 𝜋𝑇 ' +⋯

Fermi liquid self-energy on real frequencies:

−𝜔(' + 𝜋𝑇 ' vanishes for first Matsubara frequency

⟹ Im Σ 𝒌𝑭, 𝜔% ∼ 1 −
1
𝑍 𝜔% = 1−

1
𝑍 𝜋𝑇 Linear in T, 

“first Matsubara frequency rule”

Data from DiagMC indicates non-Fermi-liquid!
à real-frequency data?



⟹ Im Σ 𝒌𝑭, 𝜔% ∼ 1 −
1
𝑍 𝜔% = 1−

1
𝑍 𝜋𝑇 Linear in T, 

“first Matsubara frequency rule”

F. Lemay, Ph.D. thesis (2000)
T. Schäfer et al., Phys. Rev. X 11, 011058 (2021)

The (fairly “strange”) metallic regime II:
Perfect nesting and non-Fermi-liquid behavior

How does perfect nesting influence the nature of the metal?

−Im Σ 𝒌𝑭, 𝜔 ∝ 𝜔' + 𝜋𝑇 ' +⋯

Fermi liquid self-energy on real frequencies:

−𝜔(' + 𝜋𝑇 ' vanishes for first Matsubara frequency

Real frequency data from second-order PT
à wrong slope at |ω| < πT

Real frequency data
highly desired!
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A multimethod, multimessenger study in uncharted territory:
The Hubbard model on the triangular lattice

Y. Shimizu et al., PRL 91, 107001 (2003)
A. Szasz, et al., PRX 10, 021042 (2020)

Potential spin-liquid candidate: organic crystal κ-(BEDT-TTF)2Cu2(CN)3

Hubbard model on
triangular lattice

iDMRG
calculations

T/t

U/t

Realm of Green function / 
embedding methods
(DMFT and extensions, DiagMC)

Realm of wave funcgon / 
ground state methods
(DMRG, METTS)

Can we marry these two
worlds?



A multimethod, multimessenger study in uncharted territory:
The Hubbard model on the triangular lattice

T/t

U/t

Realm of Green function / 
embedding methods
(DMFT and extensions, DiagMC)

Realm of wave function / 
ground state methods
(DMRG, METTS)

Methods used in this study:
• Diagrammagc Monte Carlo (DiagMC): benchmark, however limited U/T-range
• Dynamical mean-field theory (both PM and symmetry-broken)
• Cellular dynamical mean-field theory (CDMFT, Nc=7), center-focused

• Minimally entangled thermal typical states (METTS) on 16x4 finite-size cylinders
[S. R. White, Phys. Rev. Le0. 102, 190601 (2009)]

A. Wietek, …, TS and A. Georges, Phys. Rev. X 11, 041013 (2021)



Establishing common grounds:
from the mean-field phase diagram to energetics

A. Wietek, …, TS and A. Georges, Phys. Rev. X 11, 041013 (2021)

• In (D)MFT: transigon from PM to
120° Heisenberg magnegsm

• All methods agree at low coupling
• METTS and CDMFT show excellent 

agreement in Epot and very good in Ekin



A. Wietek, …, TS and A. Georges, Phys. Rev. X 11, 041013 (2021)

Metal-insulator crossover

CDMFT: spectral weight

METTS: localization length

Metal-insulator crossover
at U/t≅9

from CDMFT and METTS
H. T. Dang et al., Phys. Rev. B 91, 155101 (2015)



Magne$sm and chirality: a METTS perspec$ve

Magnetic structure factor

Chiral-chiral correlator

U/t
≅10 ≅12

A. Wietek, …, TS and A. Georges, Phys. Rev. X 11, 041013 (2021)
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• Extensive comparison of state-of-the-art quantum
many-body methods

• Metallic regime with fairly long-ranged correlations
• Non-Fermi-liquid behavior due to perfect nesting

• Handshake of Green funcPon and wave-funcPon
based methods

• Agreement of CDMFT and METTS
• Intriguing metal-insulator crossovers

and magne8c ordering tendencies

Real frequency data
highly desired!


